Given a morphism X → S of log schemes of characteristic p > 0 and a lifting X /S of X ′ over S modulo p 2 , we use Lorenzon's indexed algebras A gp X and B X/S to construct an equivalence between O X -modules with nilpotent integrable connection and indexed B X/Smodules with nilpotent B X/S -linear Higgs field. If either satisfies a stricter nilpotence condition, we find an isomorphism between the de Rham cohomology of the connection and the Higgs cohomology of the Higgs field.
Introduction
The classical Riemann-Hilbert correspondence gives an equivalence between the category of coherent modules E with integrable connection ∇ on a complex manifold X and the category of locally constant sheaves of complex vector spaces V on X. Moreover, there is a natural isomorphism H n (X, V ) ≃ H n (X, E ⊗ Ω · X/C ), where the right hand side is the hypercohomology of the de Rham complex of ∇. However, the maps in this complex are only C-linear in general. On the other hand, if V is constant and X is the analytic space associated to a projective scheme over C, Hodge theory tells us that in fact,
In general, if V is not constant, this last statement is no longer true. Simpson [Sim92] resolved this by defining a partial equivalence between modules with integrable connection (E, ∇) and modules with Higgs field (E ′ , θ ′ ) (with a stability condition on both sides), such that the de Rham complex of (E, ∇) and the Higgs complex of (E ′ , θ ′ ) have the same hypercohomology. Recall that a Higgs field on E ′ is a map θ ′ : E ′ → E ′ ⊗ O X Ω 1 X/C which, instead of satisfying the Leibniz rule, is simply O X -linear and satisfies the integrability condition θ ′ ∧ θ ′ = 0, so that θ ′ induces a complex of O X -modules
(This is equivalent to an extension of the O X -module structure on E ′ to an S · T X/C -module structure.)
On schemes in characteristic p, the straightforward generalization of the Riemann-Hilbert correspondence requires that the connection ∇ have vanishing p-curvature. The construction of the p-curvature is as follows: recall that given a morphism X → S of schemes of characteristic p, for a derivation D : O X → O X over O S , its pth iterate D (p) is again a derivation. Now given an O X -module E with integrable connection ∇, it turns out that
induces a Frobenius-linear map T X/S → F X/S * E nd O X (E), or equivalently an O X -linear map ψ : E → E ⊗ O X F * X/S Ω 1 X ′ /S . (The appendix to this paper gives a new proof of this fact which is more conceptual than previous proofs, for example that in [Kat70] .) The classical Cartier descent theorem [Kat70] then gives an equivalence between the category of modules with integrable connection with vanishing p-curvature and the category of O X ′ -modules.
However, many connections of interest do not have vanishing p-curvature. In their recent work [OV], Ogus and Vologodsky define a more general equivalence between modules with integrable connection (E, ∇) whose p-curvature is nilpotent of order less than p and modules with Higgs field (E ′ , θ ′ ) with θ ′ nilpotent of order less than p. This equivalence depends on a liftingX ′ →S modulo p 2 of X ′ over S, where X ′ is the target of the relative Frobenius map F X/S : X → X ′ . Furthermore, they found that if the p-curvature of ∇ is nilpotent of sufficiently low order, then the de Rham complex of (E, ∇) and the Higgs complex of (E ′ , θ ′ ) are naturally isomorphic in the appropriate derived category, so that they again have the same hypercohomology.
Log geometry was created to deal with problems in compactification and singularities; thus, connections on log schemes provide a language for studying differential equations with log poles. This is an important case to study since many natural connections do have log poles. A log scheme is a scheme X with a sheaf of commutative monoids M X and a map α : M X → O i : Y ֒→ X is the open immersion, and we define α : M X → O X to be the natural inclusion. Then for a morphism X → S of log schemes, Kato defines a sheaf of relative logarithmic differentials Ω 1
X/S
[Kat88], which allows the natural extension of the notion of modules with integrable connection; in the case above of a divisor with normal crossings, this is just the classical sheaf Ω 1 X/S (log D) of differentials with log poles along D.
However, on log schemes of characteristic p, in addition to the p-curvature there is another obstruction, called the residue, to the classical Riemann-Hilbert correspondence; hence the straightforward generalization of the Riemann-Hilbert correspondence requires that the connection ∇ have vanishing residue in addition to vanishing p-curvature. Lorenzon [Lor00] corrected this by introducing an M for simplicity we have a liftingX →S in addition to the lifting of X ′ . Then the sheaf of liftings of F X/S : X → X ′ to a mapX →X ′ is a torsor over F * X/S Ω 1 X ′ /S . This sheaf is representable by an affine scheme L X /S = Spec K X /S over X; in addition, the sheaf extends naturally to the crystalline site Crys(X/S), which induces a natural connection on K X /S . Defining K A X /S := K X /S ⊗ O X A gp X , we then have
with Higgs field induced by the p-curvature of K X /S , and
with connection acting on K X /S .
A key technical result which is central to the proofs in [OV] is the fact that for a scheme X of characteristic p, the ring of PD differential operators D X/S is an Azumaya algebra over its center, which is isomorphic to S · T X ′ /S via the map D → D p − D (p) . (This means that locally, after a flat base extension, it is isomorphic to a matrix algebra.) This is no longer true in general in the case of log schemes; however, what we find is that if we defineD X/S := A gp X ⊗ O X D X/S with the appropriate multiplication, thenD X/S is an indexed Azumaya algebra over its center, which is isomorphic to B X/S ⊗ O X ′ S · T X ′ /S . The first section is mainly devoted to an elaboration and proof of this result. The first subsection discusses the theory of indexed Azumaya algebras; perhaps one interesting point which should be mentioned here is the fact that we need to define H om in the indexed case to allow morphisms which shift degree. The second subsection reviews the construction of A gp X and 3 the connection d and explores the structure of B X/S . The third subsection then definesD X/S and proves that it is an indexed Azumaya algebra over its center.
The second section begins with a construction of the scheme representing a general torsor over a locally free sheaf. We then define the F * X/S Ω 1 X ′ /S -torsor of liftings of Frobenius L X /S and its extension to the crystalline site, which gives us a corresponding crystal of O X/S -algebras K X /S . We proceed to calculate the corresponding connection and its p-curvature explicitly (the latter turns out to be simply the map d :
, where by abuse of notation we also let L be the scheme representing the torsor L X /S ) and to discuss a functorality property of this construction.
The third section gives a construction of the Cartier transform C X /S described above; the key observation is that definingǨ
We thus get an equivalence between the slightly larger categories ofD γ X/S -modules andΓ · T X ′ /S ⊗ O X ′ B X/S -modules, which have the advantage of being ⊗-categories. We then prove that after a sign change the equivalence given by Azumaya algebra theory gives the formulas above in the case of quasinilpotent modules. We also give a local version of the transform which works more generally forD
but depends on a liftingF of F X/S , which rarely exists globally. Finally, in the last section, we prove the analogue of Simpson's formality theorem, which states that if the p-curvature of ∇ is nilpotent of level less than p − d, where d is the relative dimension of X/S, then the de Rham complex of (E, ∇) is isomorphic in the derived category of complexes of O X ′ -modules to the Higgs complex of its Cartier transform. In their paper Ogus and Vologodsky proved a theorem of Barannikov and Kontsevich, which states that if X is a quasi-projective smooth scheme over C and f ∈ Γ(X, O X ) induces a proper map X → A 1 , then the hypercohomologies of the complexes
X/C · · · have the same finite dimension in every degree. For further research, it would be interesting to see whether by using log geometry one can relax the condition on f .
To show ǫ F is an isomorphism, we define ǫ −1 F as follows: for each i, let E ·i denote the sub A-module of E generated by α 1i , . . . , α ri . Then we have an isomorphism of left E -modules M → E ·i (−d i ) which sends m j to α ji . For f ∈ F of degree d ∈ J , we now let
and define ǫ −1
Again, this is a J -indexed map. To see it is indeed the inverse, note that any element of M ⊗ H om E (M, F ) can be written uniquely as a sum r i=1 m i ⊗ ψ i . This gets mapped by ǫ F to f := i ψ i (m i ) ∈ F ; applying the above construction, we see that
This completes the proof of (i).
For (ii), since M and M ′ are both locally free of rank r, it suffices to show that the localized
is an isomorphism for each x ∈ X; thus, we may assume X is a one-point space, and M and M ′ are free. Also, by localizing at an arbitrary I-indexed prime ideal of A, we may assume that A is local. Now by (1) we have an isomorphism M ⊗ N → M ′ , where N = Hom E (M, M ′ ). Since M is free, this implies N is a projective A-module. Also, applying α 11 to both sides of the isomorphism
so N is finitely generated. Now the standard proof that finitely generated projective modules over a local ring are free extends to the indexed case, so we see that N is free. Since M and M ′ are both of rank r, N must have rank 1. Therefore, if N has a free generator of degree d, then M ′ ≃ M (−d), and the result follows.
(In fact, this proof shows that if A x is local as an I x -indexed ring for each x ∈ X, then locally M ′ ≃ M (i) as left E -modules for some i ∈ I.) Remark 2.3. It is easy to check that assuming only that M is an E -module, where E is an Aalgebra, the natural transformations η and ǫ described in the above proof form the unit and counit, respectively, of an adjunction which makes M ⊗ · the left adjoint of H om E (M, ·).
Definition 2.4. Let A be a commutative I-indexed ring, and E an I-indexed A-algebra. For a commutative I-indexed A-algebra B, we say E splits over B with splitting module M if E ⊗ A B ≃ E nd B (M ) for some locally free I-indexed B-module M . We say E is an Azumaya algebra over A if there is some commutative I-indexed A-algebra B, faithfully flat over A, such that E splits over B.
Corollary 2.5. If E is an Azumaya algebra over A of rank r 2 , and there exists a locally free I-indexed A-module M of rank r with a structure of left E -module, then E is split over A with splitting module M .
Proof. Let B be an A-algebra, faithfully flat over A, over which E splits, and let M ′ be a splitting module. Then M ⊗ A B has a structure of left E ⊗ A B-module, and it is a locally free B-module of rank r. On the other hand, if M ′ has rank s, then E ⊗ A B ≃ E nd B (M ′ ) must have rank s 2 over B, so s = r. Thus, by (ii) of theorem 2.2, the natural map E ⊗ A B → E nd B (M ⊗ A B) ≃ E nd A (M ) ⊗ A B is an isomorphism. Since B is faithfully flat over A, this implies that the natural map E → E nd A (M ) is an isomorphism.
Note that since the transpose gives an isomorphism E op → E nd A (M ), whereM = H om A (M, A), the above theory works equally well for right E -modules.
Proof. (This is a straightforward generalization of the proof in [Kat88, 4.12] .) We have a natural
Showing this map is an isomorphism is anétale local problem, so we may assume we have a chart (Q → M S , P → M X , Q → P ) of X → S such that P and Q are finitely generated integral monoids, the map Q gp → P gp is injective and the torsion part of its cokernel is a finite group of order prime to p, and the natural map
, where H := P ∩ (pP gp + Q gp ). Now for s ∈ P gp , lets be the image of s in M gp X ; then using e s as a basis element for (A gp X )s, the degrees part of (A
We can now decompose this complex as a direct sum of complexes C · ν for ν ∈ F p ⊗ (P gp /Q gp ) ≃ P gp /H gp , where
is the kernel of d + d log s, which by definition corresponds to (B X/S )s. Since the image of P gp generates M gp X , we are done.
, and the kernel of the natural connection on
Thus, this is a special case of [Ogu04, 3.1.1], which states that
Similarly, for i < p, this is a special case of the main result of chapter 4, since in notation yet to be developed we will have
The proof of this isomorphism also gives us insight into the structure of B X/S . Namely, we see that given a local chart (Q → M S , P → M X , Q → P ) as in the proof, then for m ∈ P gp , Proof. Locally, M gp X ′ is generated by H gp , and for m ∈ H gp , we have
On the other hand, the above description of B X/S shows that it is generated as an indexed O S -module by elements of the form α(−m + h)e m , where h ∈ H gp is such that −m + h ∈ P . However, then α(−m + h)e m = e h [α(−m + h)e −(−m+h) ], and e h ∈ A gp X ′ .
Example 2.9. Consider the monoid P = a, b, c : a + b = 2c , and let X := Spec(P → k[P ]) for some field k of characteristic p. We then claim that F X/k is not flat. To see this, we can identify P with {(m, n) ∈ Z 2 : m |n|} by sending a to (1, 1), b to (1, −1), and c to (1, 0). We then see that {e m : m ∈ P − P H + } forms a basis for
However, for some cosets S of H gp = pZ 2 , S ∩ P has more than one minimal element; for example, ((−1, −1) + H gp ) ∩ P has minimal elements (p − 1, p − 1) and (p − 1, −1). Therefore,
, which is free of rank p 2 , since choosing a set of representatives S of P gp /H gp , we get a basis {e s :
On the other hand, the sets S ∩ P for S a coset of H gp form a partition of P into p 2 sets. Therefore, if we choose a set of representatives S of P gp /H gp , then {e s : s ∈ S} forms a basis for A gp X as a B X/S -module (since −S is also a set of representatives).
Generalizing this argument, we get: Proof. Locally, if we have a chart (Q → M S , P → M X , Q → P ), we get as in the example above that A gp X is free over B X/S . All we need to show is that P gp /H gp has p r elements. However, P gp /H gp ≃ F p ⊗ (P gp /Q gp ) is a vector space over F p , and when we base extend to O X we get Ω 1 X/S , which is locally free of rank r. Therefore, F p ⊗ (P gp /Q gp ) has dimension r, and the result follows. Given a logarithmic system of coordinates, we may choose the chart so that m 1 , . . . , m r are in the image of P gp → M gp X , in which case { r k=1 I k m k : I ∈ {0, . . . , p − 1} r } forms a set of representatives of P gp /H gp .
2.3
The Azumaya AlgebraD X/S Our main application of this theory will be to an extension of the ring of PD differential operators on X, where f : X → S is a smooth morphism of log schemes of characteristic p. We briefly review the standard notation: first, D(1) is the logarithmic PD envelope of the diagonal embedding ∆ : X → X × S X, and D(1) := O D(1) , which is considered to be an O X -algebra via the projection
X is a logarithmic system of coordinates (i.e. d log m 1 , . . . , d log m r form a basis for Ω 1 X/S ), then {D I : I ∈ N r } denotes the basis of the ring of PD differential operators dual to the basis
(In this paper we will not be using the alternate basis {ζ [I] } of D(1), where ζ m := log(1 + η m ), except in the appendix; this basis has the property that the dual basis
Definition 2.11. Let D X/S denote the ring of PD differential operators on X relative to S. Theñ
, given the unique multiplication such that A gp X →D X/S , a → a⊗1 and D X/S →D X/S , φ → 1⊗φ are ring homomorphisms, (a⊗1)(1⊗φ) = a⊗φ, and for each log derivation ∂, For notational convenience, we will often treat the given maps A gp X →D X/S , D X/S →D X/S as embeddings, and thus write aφ in place of a ⊗ φ. We now have an inclusioñ
which sends a section a ∈ A 
The following result indicates the significance of the ringD X/S . Recall from [Lor00] that a connection ∇ : Proof. First, note that if we do have such an extension, it must be given by (a ⊗ φ)e = a∇ φ e. Now admissibility of ∇ is equivalent to the condition that for every log derivation ∂ on X, ∇ ∂ (ae) = a∇ ∂ (e) + ∂(a)e. Rewriting, this tells us that
From this the desired equivalence easily follows.
We can also provide a simple crystalline interpretation of the category ofD X/S -modules. In particular, if g : T 1 → T 2 is a morphism in Crys(X/S), then the natural map
is also an isomorphism. Hence the functor T → A gp T gives a crystal of M gp X -indexed O X/S -algebras. Now letting T be the logarithmic PD envelope of the diagonal in X × S X with the two projections p 1 , p 2 : 
Hence the category of locally nilpotent J -indexedD X/S -modules is equivalent to the category of crystals of J -indexed A gp X -modules on Crys(X/S). Theorem 2.14.
Proof. If f ∈ B X/S , then since ∂f = 0 for any log derivation ∂, we see that f commutes with D X/S , and it obviously commutes with A gp X ; thus, since D X/S and A gp X generateD X/S as a ring, we get f ∈Z. Now choose a system of logarithmic coordinates m 1 , . . . , m r ∈ M gp X , and let
X is a locally free B X/S -module with local basis {θ I : I ∈ M }. Thus,D X/S is generated as a B X/S -algebra by {θ i , D ǫ i }. Expressing a section φ ∈D X/S as a sum
Therefore, φ ∈Z if and only if f N = 0 only for p | N , and df N = 0 for each N , i.e. f N ∈ B X/S . Since the embedding
, so that its image is generated as an O X ′ -module by {D pN : N ∈ N r }, this completes the proof.
Note that we also get that the centralizer of
Denote this by C X , and consider D X/S as a right C X -module by multiplication on the right.
Theorem 2.15. The mapD X/S ⊗Z C X → E nd C X (D X/S ) by multiplication on the left byD X/S and on the right by C X is an isomorphism.
Proof. It suffices to work locally, so choose a local system of logarithmic coordinates m 1 , . . . , m r . Then locally,D X/S ⊗Z C X has a basis {1 ⊗ θ I : I ∈ M = {0, 1, . . . , p − 1} r } as a leftD X/S -module. Also, E nd C X (D X/S ) has a basis {α I : I ∈ M } as a leftD X/S -module, where α I is the unique homomorphism which sends D J to δ IJ . (This is becauseD X/S has a basis {D I : I ∈ M } as a right C X -module.)
We now calculate that 1 ⊗ θ i acts onD X/S by sending
We thus have
Thus, enumerating M in some order compatible with the product partial order, the transition matrix from the set {β J } to the basis {1 ⊗ θ I : I ∈ M } ofD X/S ⊗Z C X is upper triangular, with units on the diagonal, so {β J : J ∈ M } is also a basis forD X/S ⊗Z C X . Similarly, letting β J also denote the corresponding endomorphism onD X/S , we have
Thus, the transition matrix from the set {β J : J ∈ M } to the basis {α
is lower triangular with units on the diagonal, so
Corollary 2.16. The indexed ringD X/S is an Azumaya algebra over its centerZ of rank p 2r , where r is the relative dimension of X over S.
Proof. Since A gp X is locally free and thus faithfully flat as a B X/S -module, C X ≃ A gp X ⊗ B X/SZ is a faithfully flat extension ofZ, and by the previous theoremD X/S splits over C X with splitting moduleD X/S . SinceD X/S has a basis {D I : I ∈ {0, . . . , p − 1} r } as a right C X -module, the rank must be p r , soD X/S has rank p 2r overZ.
As an application, we can recover the main result of [Lor00] as follows. Consider B X/S as ã Z-algebra via base extension of the quotient map
X is a locally free B X/S -module of rank p r (compatible with theZalgebra structure of B X/S since the connection d is p-integrable), which has a structure of left module overD 0 . Therefore,D X/S splits over B X/S , and for J a sheaf of M gp X -sets we get an equivalence between the J -indexed B X/S -modules and the J -indexed leftD 0 -modules, or equivalently the Jindexed A gp X -modules with integrable, p-integrable, admissible connections. This equivalence sends a B X/S -module F to A gp X ⊗ B X/S F with the connection acting on A gp X , and it sends an A gp X -module E with connection ∇ to H omD
The Fundamental Extension
Definition 3.1. Suppose we are given a morphism f : X → S of fine log schemes of characteristic p. Then a lifting of f modulo p n is a mapf :X →S of fine log schemes flat over Z/p n which fits into a cartesian square
where S →S is the closed immersion defined by p.
Note that since Spec(Z/p) → Spec(Z/p n ) is an exact closed immersion, so are the base extensions X →X and S →S. If f is smooth, respectivelyétale, resp. integral, resp. exact, so isf . We will mostly be interested in liftings modulo p 2 , which is what we will mean if we do not specify n.
For the rest of the paper, we suppose we are given an integral smooth morphism f : X → S of fine log schemes of characteristic p, with a given lifting of X ′ → S modulo p 2 ,X ′ →S. We denote these data by X /S := (X → S,X ′ →S). For example, if f : X → S has a given lifting f :X →S, and F S has a lifting FS :S →S, we may defineX ′′ to be the pullback of FS and f . Then since X ′ → X ′′ isétale, there is a unique liftingX ′ →X ′′ . Alternately, a smooth lifting exists if H 2 (X ′ , T X ′ /S ) = 0, in particular if X is affine or if X is a curve over a field k, and since we assume X → S integral, a smooth lifting is automatically a lifting in the sense defined above.
As in [OV], we will use a liftingX ′ /S to construct a canonical sheaf of O X -algebras K X /S with multiplicative connection, along with a natural filtration
in which the maps are horizontal.
Torsors over Locally Free Sheaves
In this section we give the general construction which gives rise to K X /S . Lemma 3.2. Let X be a ringed topos, with a locally free O X -module T of finite rank; let Ω :
iii) There is a canonical locally split exact sequence
iv) If X is the Zariski topos on a scheme, then K is quasicoherent, and the affine scheme T(L) := Spec K over X represents the functor L. v) If X is the crystalline topos on a scheme over S, and T is a crystal of O X/S -modules, then E and K are also crystals of O X/S -modules and O X/S -algebras, respectively.
Note that for any object U of X, if this is true for one a ∈ L(U ), it is true for all a ∈ L(U ), and in this case, the function is independent of the choice of a.
To get the exact sequence, note that any constant function on L is in E; this gives an injection O X → E. Also, given φ ∈ E, as we remarked above, the map
is independent of the choice of a; thus, gluing gives a global map T → O X , which induces a map E → Ω. To see this is a locally split surjection, given a section a ∈ L, we define a splitting σ a : Ω → E by σ a (ω)(b) = ω, b − a . Now it is clear that the sequence in (iii) is exact, since the kernel of E → Ω comprises exactly the constant functions L → O X . Now the injection O X → E induces an injection S n (E) → S n+1 (E) for each n 0; we now define K := lim −→ S n (E). Then K has a natural filtration where N i K is the image of S i E in the direct limit.
Also, an O X -algebra homomorphism K → O X is equivalent to an O X -linear map E → O X which maps the constant function with value 1 to 1; that is, a splitting of the above exact sequence on the left. The sheaf of such splittings forms a T -torsor, where D ∈ T acts on the set of splittings by addition of the composition of D : Ω → O X with the projection E → Ω. Moreover, there is a morphism of torsors from L to the torsor of left splittings given by a → ǫ a , where ǫ a : E → O X is evaluation at a. This establishes the desired property of K. This, in turn, easily implies that Spec K represents the functor L on a Zariski topos.
We now have a map E → E ⊗ Ω which sends φ ∈ E to φ ⊗ 1 + 1 ⊗ ω φ , where ω φ is the image of φ in Ω. Since a constant function a maps to a ⊗ 1, this extends to a coaction map K → K ⊗ S · Ω. Similarly, a local splitting σ a of the sequence in (iii) induces a map 1 ⊗ σ a − σ a ⊗ 1 : Ω → E ⊗ E, which is independent of a since the image of σ a 2 − σ a 1 consists of constant functions. Thus, these local maps glue to a global map Ω → E ⊗ E, which extends to a cosubtraction map S · Ω → K ⊗ K.
Finally, if X is a crystalline topos, then any extension of crystals is automatically another crystal. Thus, E and therefore K are also crystals.
Liftings of Frobenius as a Crystal
We consider the crystalline sites Crys(X/S) and Crys(X/S). If (U, T ) is an object of Crys(X/S), then since U is defined by a divided power ideal I T in T , a p = 0 for any a ∈ I T . Therefore, the map T → T ′′ factors through U ′′ . We thus get a commutative diagram
However, since the map U ′ → U ′′ isétale, and U → T is an exact thickening, there exists a unique map T → U ′ making the above diagram commute. We let f T /S : T → X ′ denote the composition of this map with the open embedding U ′ → X ′ . Note that the pullback map f * T /S : Ω 1
is zero. To see this, we may assume X = U ; in this case, let i ′ : U ′ → T ′ be the closed immersion. Then after composing with the natural surjection i ′ * :
Definition 3.3. LetT be an object of Crys(X/S) which is flat overS, and let T be the closed subscheme defined by p.
is the set of all such liftings, and L X /S,T is the sheaf onT of local liftings of f T /S .
ii) A lifting of f T /S is a pair (T ′ ,F ) whereT ′ is a flat object of Crys(X/S) andF :
) is a mapg :T 1 →T 2 which reduces to the identity on T and such thatF 1 =F 2 •g. L X /S,T is the sheaf on T associated to the presheaf of isomorphism classes of local liftings of f T /S .
SinceX ′ is smooth overS, liftings of f T /S toT exist locally on T , so L X /S,T has nonempty stalks. A mapg :
We will show that this torsor has a natural structure of a sheaf on Crys(X/S), compatible with the crystal structure of the crystal F * X/S T X ′ /S , which maps T ∈ Crys(X/S) to f * T /S T X ′ /S . (The corresponding connection is the Frobenius descent connection on F * X/S T X ′ /S .)
Lemma 3.4. LetT 1 andT 2 be two flat objects of Crys(X/S), and letg 1 ,g 2 :T 1 →T 2 be two morphisms with the same reduction g :
where T is the reduction ofT modulo p.
Proof. ForF ∈ L X /S (T 2 ), consider the commutative diagram
Then the left square induces the map h : g * Ω 1 T 2 /S → O T 1 expressing the difference betweeng 1 andg 2 , and the right square induces the mapF * :
To prove (ii) it suffices to prove the map is an isomorphism on stalks. Thus, for t ∈T , if (T ′ ,F ) is a lifting of f T /S on a neighborhood of t, then locally at t we have an isomorphismT ≃T ′ , showing surjectivity. For injectivity, ifF ,F ′ ∈ L X /S (T ) become equal in L X /S,T , then there is an automorphism ofT which reduces to the identity modulo p and which carriesF toF ′ . But then by (i),F =F ′ .
Hence given a map g :
by gluing the maps L X /S (g) for local liftingsg of g. It is easy to see this map satisfies the cocycle condition
→T 2 lifts g, θ g respects the torsor structure.
Thus from (3.2) we get a crystal K X /S with filtration N · , along with an extension
of crystals, where E X /S := N 1 K X /S . We have an alternate construction of E X /S , and hence K X /S ≃ lim −→ S n (E X /S ), as follows: given an objectT ∈ Crys(X/S) which is flat overS, we define E X /S,T to be the logarithmic conormal sheaf of the closed immersion
where T is the reduction ofT modulo p, and Γ is the graph of f T /S : T → X ′ . The functoriality properties of the conormal sheaf allow us to define maps θg : g * E X /S,T 2 → E X /S,T 1 forg :T 1 →T 2 , which it is possible to show depend only on the reduction g : T 1 → T 2 ofg modulo p. We then glue together E X /S,T to get the sheaves E X /S,T . The exact sequence above comes from the exact sequence
To connect this to the previous construction, observe that givenF ∈ L X /S,T , we can refactor the closed immersion above as
The corresponding mapŇT ×X ′ /T →ŇT /T gives a map E X /S,T → O T . Thus, for each element of E X /S,T , we get a map L X /S,T → O T ; it is then possible to show this map is in N 1 K X /S,T , and that the induced map
3.3 Explicit Formulas: Connection and p-curvature We now calculate the corresponding connection on E X /S and its p-curvature. The answer involves the following construction: suppose we have a liftingF :X →X ′ of F X/S . Then since F * X/S :
is a multiple of p. Hence there is a unique map ζF : Ω 1 X ′ /S → F X/S * Ω 1 X/S making the following diagram commute: (5) is an exact sequence of crystals, the only nontrivial part of the connection ∇ on E X /S ≃ O X ⊕ F * X/S Ω 1 X ′ /S is the part which maps F * X/S Ω 1 X ′ /S to O X ⊗ Ω 1 X/S , and similarly for the p-curvature ψ(∇). (Note that the splitting E X /S ≃ O X ⊕F * X/S Ω 1 X ′ /S depends on a liftingF of F X/S .) Proposition 3.6. LetF and ζF be as above.
i) (Mazur's Formula) ζF factors through F X/S * Z 1 X/S and induces a splitting of the exact sequence
ii) The connection ∇ on E X /S satisfies
iii) The p-curvature ψ of ∇ is equal to the composition
To prove (ii), let T be the first infinitesimal neighborhood of X in X × S X andT the first infinitesimal neighborhood ofX inX ×SX, with its two natural projectionsp 1 ,p 2 :T →X. Then for ω ∈ F * X/S Ω 1 X ′ /S , it is easy to see that
However, by definition, the mapF
is the first infinitesimal neighborhood (in the logarithmic sense) of the diagonal inX ′ ×SX ′ . Now this map can be factored as the transposition map (p 2 ,p 1 ) : T →T , which induces the map −1 : Ω 1X
/S
→ Ω 1X /S , followed by the mapF ×F :T →X ′ 1 , which induces the mapF * :
. Therefore,F •p 1 −F •p 2 is the map induced by −F * , which is exactly −ζF . Now for the p-curvature, since ψ = 0 on O X and on the quotient F * X/S Ω 1 X ′ /S , ψ induces an endomorphism on F * X/S Ω 1 X ′ /S ; we need to show this endomorphism is the identity. It suffices to show that for
On the other hand, since Proof. Since K X /S is a crystal of O X/S -algebras, the corresponding connection on K X /S satisfies the Leibniz rule, so its p-curvature does also. Hence ψ is a derivation which annihilates O X ; it will suffice to show it is the universal derivation on K X /S over O X . Given any derivation D : K X /S → F over X, the restriction of D to E X /S factors through the quotient map to
Using the formula for ψ from (3.6), we easily see that the composition of this map with ψ agrees with D on E X /S . Since E X /S generates K X /S as a ring and both D and ψ satisfy the Leibniz rule, this shows that D factors through ψ.
Global liftings of F X/S rarely exist; this limits the effectiveness of generating elements of E X /S using σF and the inclusion of O X . On the other hand, global liftings of π X/S : X ′ → X exist more often. For example, in the situation in which the liftingX ′ →S comes from a lifting FS of F S , we can defineπ to be the mapX ′ →X ′′ composed with the projectionX ′′ =X × FSS →X. The following result gives an alternate way to generate elements of E X /S usingπ instead ofF . Furthermore:
(Thus if we define δπ :
This map δπ matches the construction of δπ in the nonlogarithmic case [OV].)
iii) The following diagram commutes:
Proof. The pullback ofF * π * m − pm to X is F * X/S π * m − pm = 0, which impliesF * π * m − pm ∈ M * X since the inclusion X →X is exact, and αX(F * π * m − pm) pulls back to 1 in X and is therefore in
Multiplying this by the equation αX(F
Hence βπ(m)(F 2 ) − βπ(m)(F 1 ) = π * (d log m),F 2 −F 1 ; this proves that βπ(m) ∈ E X /S and also shows the commutativity of the right square in (iii). Now multiplying both sides of the equation defining βπ(m) by α(pm), we get To prove (i), we first show βπ is additive. To see this, we multiply the equations defining βπ(m 1 ) and βπ(m 2 ) to get
Combining this fact with (iii) easily proves (i).
The formula for the p-curvature in (v) follows directly from (iii). Also, it suffices to verify the formula for ∇βπ(m) locally, so we may assume we have a liftingF of F X/S . Let gm := βπ(m)(F ); then from (iii) we conclude ∇βπ(m) = 1 ⊗ dgm − 1 ⊗ ζF (d log(π * m)). On the other hand,
Hence ζF (d log(π * m)) = d log(m) + dgm, and ∇βπ(m) = −1 ⊗ d log(m) as required.
In terms of the construction of E X /S as a conormal sheaf, we can characterize βπ as follows: for m ∈ M gp X , the pullback of (−pm,π * m ) ∈ M gp X×X ′ to M gp X is 0, which implies that it becomes a unit in the first infinitesimal neighborhood X 1 of X inX ×SX ′ . Then βπ(m) = α X 1 (−pm,π * m ) − 1.
Functoriality
The geometric construction of E X /S given above makes it straightforward to check its functoriality.
First we treat the general functoriality properties of T(L).
Lemma 3.9. Suppose we have a morphism h : X → Y of ringed topoi. i) Let T 1 → T 2 be a map of locally free sheaves on X, and let 
a locally free sheaf on Y , and let L be an T -torsor on Y . Then we have a
Proof. For (i), the map E 2 → E 1 is induced by composition with the map L 1 → L 2 . Since the map L 1 → L 2 respects the actions of T 1 and T 2 , we see that the image of E 2 is in fact contained in E 1 , and we also get the commutativity of the right square in the diagram above. The commutativity of the left square is obvious. This induces the map K 2 → K 1 . For (ii), we have a map from h −1 L to the h * T -torsor of splittings of
on the left, which for a ∈ L sends h −1 a ∈ h −1 L to h * ǫ a , where ǫ a is evaluation at a. This induces a morphism of h * T -torsors from h * L to the torsor of splittings. However, the torsor of splittings determines an extension uniquely; to see this, given an extension 0 → O X → E → Ω → 0, the dual is an extension
Then the torsor of splittings is just the inverse image of 1 ∈ O X inĚ; however, taking the inverse image of 1 is exactly the canonical isomorphism Ext 1 (O X , T ) ≃ H 1 (X, T ). Therefore, we get an isomorphism of extensions of h * Ω by O X , h * E L ≃ E h * L . Again, this easily extends to an isomorphism
By a morphism X /S → Y/S we mean a map h : X → Y along with a liftingh ′ :X ′ →Ỹ ′ of h ′ . Proposition 3.10. A morphism (h,h ′ ) : X /S → Y/S, where X and Y are smooth S-schemes, induces a horizontal morphism θ h,h ′ : h * K Y/S → K X /S respecting the filtration N · , such that the restriction to h * E Y/S → E X /S fits into a commutative diagram
the standard isomorphism, and the map
h * F * Y /S Ω 1 Y ′ /S ≃ F * X/S h ′ * Ω 1 Y ′ /S → F * X/S Ω 1 X ′ /S is the pullback by F * X/S of the natural map h ′ * Ω 1 Y ′ /S → Ω 1 X ′ /S . For fixed h, leth ′ 1 ,h ′ 2
be two liftings of h ′ , and let
Proof. Let T 1 , T 2 be objects of Crys(X/S), Crys(Y /S), respectively, and let g : T 1 → T 2 be a PD morphism extending h : X → Y . (Thus g is a section of h −1 T 2 (T 1 ).) Then as in the construction of the crystalline structure of L X /S , composing with liftingsg of g induces a morphism of
This is clearly compatible with the transition maps for L Y/S,X and L Y/S , so we get a morphism of sheaves h * L Y/S → L Y/S,X on the crystalline site Crys(X/S). On the other hand, composing a 
If h is smooth, this sequence is short exact and locally split. Similarly, if h is a closed immersion and F X/S is flat, there is an exact and locally split sequence
0 → F * X/SŇY ′ /X ′ → h * E Y/S → E X /S → 0.
The Cartier Transform

PD Higgs Fields and p-crystals
Suppose we are given a liftingX ′ /S of X ′ /S; we shall see that X /S := (X/S,X ′ /S) determines a splitting of the Azumaya algebraD X/S over B X/S ⊗ O X ′ O G , where G is the nilpotent divided power envelope of the zero section of the cotangent bundle of
We denote by HIG B P D (X ′ /S) the category of J -indexed O B G -modules, or equivalently the category of J -indexed B X/S -modules E ′ equipped with a B X/S -linear G-Higgs field 
extending the F -Higgs field
given by the p-curvature of ∇. We also let M IC A P D· (X/S) and HIG B P D· (X ′ /S) be the full subcategories of locally nilpotent objects of M IC A P D (X/S) and HIG B P D (X ′ /S), respectively, that is, the objects such that every element of E or E ′ is annihilated by a sufficiently high power of Γ + T X ′ /S . For example, let M IC A ℓ (X/S) be the category of A gp X -modules with integrable, admissible connection ∇ such that the p-curvature ψ is nilpotent of level ℓ; then for ℓ < p we may consider M IC A ℓ (X/S) as a full subcategory of M IC A P D (X/S) by letting Γ p T X ′ /S act as zero. Now the convolution product coming from the group scheme structure of G allows us to make M IC A P D (X/S) and HIG B P D (X ′ /S) into tensor categories; in particular, the total G-Higgs field on a tensor product is given by
Note that, in particular, θ (D ′ ) [p] can be nonzero on E 1 ⊗ E 2 even if E 1 , E 2 ∈ M IC A ℓ (X/S) for ℓ < p. We shall see that the Azumaya algebraD X/S splits over O B G , which gives a Riemann-Hilbert correspondence between M IC A P D· (X/S) and HIG B P D· (X ′ /S). We shall also use this splitting to get a Riemann-Hilbert correspondence for certain O X -modules with connection. For this, let D -and O Gmodules, respectively. We also let M IC P D· (X/S) and HIG P D· (X ′ /S) be the corresponding full subcategories of locally nilpotent objects.
We can provide interpretations of the categories M IC P D· (X/S) and M IC A P D· (X/S) which are crystalline in nature. Our motivation for the following theory is the fact that the ring of differential operators on X over S is very similar to Γ · T X/S , except for the fact that it is noncommutative. Thus, in our theory we will allow pth divided powers of elements of the ideal of the diagonal in X S X, in order to preserve the action of the image of c ′ : F * X/S T X ′ /S → D X/S , but no higher divided powers.
In particular, define a p-PD ring A to be an algebra over a given ring B of characteristic p, with an ideal I of B such that I (p) := {x p : x ∈ I} = (0), and a map γ p : I → A satisfying
As usual, we write x 
For example, for each n we may define D (p) (n) ∈ Crys (p) (X/S) to be the p-PD envelope of the diagonal embedding ∆ : X → X n+1 . Also, for (U, T, i, γ) ∈ Crys(X/S), we have an object (U, T, T, i, id, γ p ) ∈ Crys (p) (X/S), so that we may regard Crys(X/S) as a (full) subcategory of Crys (p) (X/S). We let O X/S be the sheaf of rings on Crys (p) (X/S) which to (U, T, V, i, f, γ p ) associates O V . Locally on X, if we have a logarithmic system of coordinates m 1 , . . . , m r , then as usual define
Proposition 4.1. The following data are equivalent:
Proof. The proof follows as in the case of regular crystals once we establish an isomorphism D γ X/S ≃D (p),X/S . To define this isomorphism, first note that we have a natural map D(1) → D (p) (1) since D(1) is a member of Crys (p) (X/S); this induces a ring homomorphism D X/S →D (p),X/S by pushforward. Also, if I is the p-PD ideal of D 0,(p) (1), then we have a natural isomorphism
. This gives a natural isomorphism
X/S , δ becomes the comultiplication on S · F * X/S Ω 1 X ′ /S , and since 1 ⊗ f − f ⊗ 1 ∈ I for f ∈ O X , composition is dual to this comultiplication map. This implies that the mapΓ · F * X/S T X ′ /S ≃ (ID (p) (1)) ⊥ is in fact a ring homomorphism. It is easy to see the two maps agree on S · F * X/S T X ′ /S , and a local calculation below will show that the image of D X/S commutes with (ID (p) (1)) ⊥ , so we get a map D γ X/S →D (p),X/S .
To prove this gives an isomorphism, it suffices to work locally, so assume we have a system of logarithmic coordinates m 1 , . . . , m r . Define ζ I+pJ := ζ I (ζ [p] ) J /I! for I ∈ M and J ∈ N r , and let {D N } be the dual basis ofD (p),X/S to {ζ N }. Now {D I ⊗ (D ′ ) [J] : I ∈ M, J ∈ N r } forms a completion basis for D γ X/S ; we claim that our map sends D I ⊗(D ′ ) [J] to D I+pJ , which will complete the proof. It is easy to check that the map D X/S →D (p),X/S sends D I to D I for I ∈ M , and the mapΓ · F * X/S T X ′ /S →D (p),X/S sends (D ′ ) [J] to D pJ ; thus, it will suffice to show
If we reduce modulo 1 ⊗ ID (p) (1), the only nonzero term in the expansion of this expression is (η ⊗ 1) A /A! = η A ⊗ 1. Thus, for A ∈ M and B ∈ N r ,
Applying id ⊗D pJ gives η A+p(B−J) , and applying D I to this gives δ AI δ BJ = δ A+pB,I+pJ ; this shows that
Note that in particular the constructions from the previous chapter easily extend to give crystals E X /S and K X /S on Crys (p) (X/S), so they have canonical structures of D γ X/S -module. In particular, for (U,T ,Ṽ ) ∈ Crys (p) (X/S), E X /S,Ṽ is the conormal sheaf of V Γ → V S X ′ →ṼSX ′ , where Γ is the graph of f V /S , the composition of the map V → T with f T /S . Similarly, M IC A P D· (X/S) is equivalent to the category of p-crystals of A gp X -modules.
The Global Cartier Transform
Given a liftingX ′ →S of X ′ over S, we locally have isomorphisms K X /S ≃ S · F * X/S Ω 1 X ′ /S , and thuš 
(Here ι : O G → O G is the map corresponding to the inverse map G → G, so that ι * E ′ is E ′ with a sign change of the Higgs field.) Then C X /S and C −1 X /S are quasi-inverse equivalences of categories. Remark 4.3. We will see later that the sign changes in the above definitions are necessary in order for the isomorphism of de Rham and Higgs complexes to be compatible with the standard Cartier isomorphism.
In the case that J = M gp X with the standard action, we have that the category of J -indexed A gp X -modules is equivalent to the category of O X -modules; indeed, it is easy to see that for any A gp X -module E, the natural map E 0 ⊗ O X A gp X → E is an isomorphism. Similarly, a connection on E is admissible if and only if this map is horizontal. We thus get:
Theorem 4.4. Given a lifting X /S of X ′ over S, we have an equivalence of categories
However,Ǩ A X /S has the unfortunate property that it is not locally nilpotent. We thus reformulate the functors described above in terms of
X , E) be the subsheaf of E annihilated by Γ + T X ′ /S , and let E ∇,γ := H omDγ X/S (A gp X , E) be the subsheaf of E θ annihilated by ∇.
where O B G acts on the right hand side via the action on Proof. First, since E is locally nilpotent, andǨ A X /S is locally free of rank 1 as an O A G -module, we have an isomorphism
Under this isomorphism, the submodule C X /S (E) = H omDγ
Changing the sign is the same as letting O B G act on K A X /S instead, proving (i).
To prove (ii), we begin with a lemma.
Lemma 4.6. There is a canonical isomorphism
Proof. Suppose we have a liftingF of F X/S . Then ξF ⊗ ξF forms a basis forǨ X /S ⊗ F * O G ι * ǨX /S as an F * X/S O G -module. We claim that, in fact, this basis element is independent of the choice ofF , so the local bases glue to a global basis ofǨ X /S ⊗ F * O G ι * ǨX /S . Thus, suppose we have two liftingsF 1 andF 2 , and let h : F * X/S Ω 1 X ′ /S → O X express the difference between them. Also, suppose we have a system of logarithmic coordinates m ′ 1 , . . . , m ′ r ∈ M gp X ′ , and let D [N ] (N ∈ N r ) be the corresponding basis of
maps it to (−1) |I| δ IN . In other words,
Thus, defining g :
; also, plugging in −h in place of h, we get ξF 2 = θ ι(g) ξF
1
. Therefore,
As an application, we can use this to calculate C X /S (K A X /S ). First, we claim there is a canonical isomorphism
To construct this isomorphism, we begin with the cosubtraction map
Since the total G-Higgs field on K X /S ⊗ O X K X /S satisfies the Leibniz rule, this implies that the cosubtraction map factors
We may check the map
is an isomorphism locally, so we may assume there is a liftingF of
, and ξF forms a basis forǨ X /S as an
, and the composition with the above map is just the isomorphism S · F * X/S Ω 1
induced byF . In fact, this shows that the canonical structure of G-Higgs field on F * X/S (ι * ǑG ) corresponds to the action of O G on the second K X /S . Note also that since
Nilpotent Residue
The goal of this section is to apply the preceding theory to get information about objects of M IC P D (X/S) and of HIG P D (X ′ /S). To do this, note that for E an object of M IC P D (X/S), E ⊗ O X A gp X with the total connection is an object of M IC A P D (X/S); similarly, for E ′ an object of
Our first task is to calculate what the Cartier transform does to these objects. Proposition 4.7. i) Let E ′ be an object of HIG P D (X ′ /S). Then there is a natural isomorphism
E) with the internal Hom connection, this map is injective, resp. surjective, if and only if the natural map E
Example 4.8. To illustrate the second part, let X be A 1 k minus one point with k a field of characteristic p; that is, X := Spec(N → k[t]), where the map N → k[t] sends 1 to t, and S := Spec k. Consider the O X -module O X · e with the connection ∇ such that ∇(e) = e ⊗ d log(t). Then since ∇ has zero p-curvature, any F * X/S O G -linear mapǨ X /S → E factors uniquely through the map K X /S → O X induced by the inclusion O X → K X /S . We thus get an isomorphism E 0 ≃ E, and we Logarithmic nonabelian Hodge theory in characteristic p will see below that this isomorphism is horizontal. Thus −1 ). Now the map described in the proof of (ii) below sends t p−1 e to t p−1 e ⊗ 1 = (t p−1 e 1 ) · (e ⊗ e −1 ), where t p−1 e 1 ∈ B X/S . This map is clearly not surjective, and neither is the map
Here the map on the right is an isomorphism since E 0 has zero p-curvature by definition. Now the top row is injective, resp. surjective, if and only if
X is locally free over B X/S . Similarly, the bottom row is injective, resp. surjective, if and only if
We now need to study the map E ∇ 0 ⊗ O X ′ O X → E 0 ; however, the p-curvature of ∇ on E 0 is zero since each homomorphism in E 0 commutes with T X ′ /S ⊆ O G . Recall that for a log scheme X over S, we define the residue sheaf R X/S := Ω 1 X/X * , where X * denotes the log scheme with the same underlying scheme as X but with log structure f * M S ; we then have an exact sequence
X/S we define the residue to be the induced map ρ :
is surjective if the residue of the connection on E 0 vanishes, and it is an isomorphism if in addition Tor 1 (E 0 , R X/S ) = 0. However, sinceǨ X /S has basis ξF as an F * X/S O Gmodule, E 0 is locally isomorphic to E; we now calculate the connection on E 0 in terms of this isomorphism.
Proposition 4.9. Suppose we are given a liftingF of F X/S , and let ∇ ′ be the connection on E which makes the following diagram commute:
where the second term is the composition 
Proof. To prove (i), we first calculate the connection onǨ X /S : we see that (∇ξF )(1) = 0; (∇ξF )(σF (π * d log(m i ))) = −1⊗ζF (π * d log(m i )); and ∇ξF is zero on S 2 σF (F * X/S Ω 1 X ′ /S ). Similarly, (ψξF )(1) = 0; (ψξF )(σF (π * d log(m j ))) = 1 ⊗ d log(m j ); and ψξF is zero on S 2 σF (F * X/S Ω 1 X ′ /S ). Therefore, ∇ξF = −(id ⊗ζF )(ψξF ). Now consider an element φ ∈ H om F * O G (Ǩ X /S , E), and let e := φ(ξF ). Then
, whereψ is the residue of the p-curvature.
Remark 4.10. If ∇ is locally nilpotent, the following local characterization of E 0 ≃ (K X /S ⊗ O X E) θ is useful for calculations: suppose we have a liftingF of F X/S , which we use to identify K X /S with S · F * X/S Ω 1 X ′ /S , and a logarithmic system of coordinates m 1 , . . . ,
for some e ∈ E, where D ′ 1 , . . . , D ′ r is the basis of T X ′ /S dual to the basis Proof. Note thatǨ X /S is itself an object of M IC 0 P D (X/S), so C −1 X /S does indeed have image contained in M IC 0 P D (X/S). Now the adjunction in (i) is simply the standard adjunction betweeň
, we see that the residue of ∇ tot on E 0 is zero. Thus, we have a natural surjection
, which is an isomorphism if Tor 1 (E 0 , R X/S ) = 0. However, since E 0 is locally isomorphic to E, this is equivalent to the condition that Tor 1 (E, R X/S ) = 0. Now applying C −1 X /S to this map gives a surjection
however, it is straightforward to check that taking the degree zero part gives the counit ǫ.
Now for
. Again, we see that taking the degree zero part of the isomorphism
Similarly to before, we get isomorphisms
The Local Cartier Transform
From the above calculations, we see that for E ∈ M IC 0 P D (X ′ /S), given a liftingF of F X/S and a logarithmic system of coordinates m 1 , . . . , m r ∈ M gp X , we have isomorphisms
where ∇ ′ is as in (4.9), with the PD Higgs field inherited from −ψ on E. Similarly, for
Similar formulas hold for the equivalence between M IC A P D (X/S) and HIG B P D (X ′ /S). This last formula is our motivation for the following definition.
Definition 4.12. Let ζ : Ω 1 X ′ /S → F X/S * Ω 1 X/S be a splitting of the Cartier operator. We then define a functor Ψ : M IC A (X/S) → F -HIG A (X/S) which maps (E, ∇) to the p-curvature of ∇ on E. We also define a functor Ψ
Similarly, we define functors Ψ :
, where ∇ is given by the same formula as above.
We now calculate the p-curvature of this connection. In order to express the answer, we use the following notation: ζ gives a map F * X/S Ω 1 X ′ /S → Ω 1 X/S , so the adjoint ζ * gives a map
Proof. The integrability of ∇ follows from the fact that the image of ζ consists of closed forms. To prove the formula for ψ, since Ψ −1
, it suffices to verify the formula for E ′ = S · T X ′ /S . The calculation uses the following two identities.
Lemma 4.14. [Lor00, 1.4 .1] Let ω ∈ ZΩ 1 X/S and D ∈ T X/S . Then
Lemma 4.15. Let E ′ be an O X ′ -module, and let α, β ∈ E nd O X ′ (E ′ ); now define β n recursively by β 0 = β and β n+1 = [α, β n ]. Suppose that β 0 , β 1 , . . . , β p−1 commute pairwise. Then
Proof. Let P ′ n be the set of pairs (S 0 , π), where S 0 is a subset of {1, 2, . . . , n} and π is a partition of {1, 2, . . . , n} − S 0 . We then prove by induction on n that
For n = 0, the statement is trivial. Now for the inductive step, we use the identity α(
Applying this to a term in the sum above, we see that changing β |S|−1 to [α, β |S|−1 ] = β |S| corresponds to adding n + 1 to S; multiplying on the right by α corresponds to adding n + 1 to S 0 ; and multiplying on the left by β corresponds to adding {n + 1} to π. Thus
completing the induction. Now considering the action of the cycle (1, 2, . . . , p) on P ′ p , we see that in the expression for (α + β) p , we can group the terms in the sum into groups of p identical terms, except for those corresponding to the fixed points ({1, . . . , p}, ∅), (∅, {{1, . . . , p}}), and (∅, {{1}, {2}, . . . , {p}}).
To finish the calculation of the p-curvature of Ψ −1
Thus, in the previous lemma we set α := D ⊗ id, and β := ζ * D. Locally, we see that
, and in particular β 0 , . . . , β p−1 commute pairwise. Also,
We may express this formula geometrically as follows: let T X/S = Spec S · T X/S be the cotangent bundle on X ′ . Then π * X/S (ζ * ) gives a map T X ′ /S → F * X ′ T X ′ /S , which corresponds to a morphism
and similarly replacing HIG(X ′ /S), M IC(X/S), and F -HIG(X/S) by HIG B (X ′ /S), M IC A (X/S), and F -HIG A (X/S), respectively. (We choose this sign for α ζ so that we may think of it as a perturbation of the identity map.) Now the restrictionα ζ of α ζ to the completionT X ′ /S of T X ′ /S over the zero section is an isomorphism, with inverseα
This allows us to construct a splitting module for (D X/S )ˆ:
By the above diagram we see that the p-curvature onǨ A ζ ≃Zˆ⊗ B X/S A gp X is just the natural action of S · T X/S onZˆ, so the action ofŜ · T X ′ /S onZˆand the connection onǨ A ζ extend to a (D X/S )ˆ-module structure. Also, since A gp X is locally free of rank p d over B X/S ,Ǩ A ζ is locally free of rank p d overZˆ, showing thatǨ A ζ is indeed a splitting module. However, sinceα −1 ζ is an isomorphism, we have a canonical isomorphism i) The functors
are quasi-inverse equivalences of categories.
ii) Let E ∈ M IC
A (X/S), and let E ′ be the corresponding element of HIG B (X ′ /S). Then we have isomorphisms
Here in the second formula, S · T X ′ /S acts on the right hand side via its action on ι * E ′ .
Proof. The first part follows directly from the fact thatǨ A ζ is a splitting module. For the second part, since Ψ 
which proves the first isomorphism. The second follows from the commutative diagram above. 
· (X/S), and C −1
The Image of the p-curvature Functor
In this section we give an application of the local theory developed in the last section to characterize the essential image of the functor Ψ : M IC(X/S) → F -HIG(X/S).
Theorem 4.18. Let X → S be a smooth morphism of fine log schemes of characteristic p. Proof. We begin by stating the lemma we will use to construct the appropriateétale morphisms. Proof. First, we may replace Y by Z andỸ byZ :=Ỹ × Y Z. Thus we may assume that Y → X is finite. Suppose that X is the spectrum of a strictly henselian local ring A. Then by Hensel's lemma, Z splits up as a finite direct sum of schemes Z i where each Z i is the spectrum of a strictly henselian local ring. Then eachZ i :=Z × Z Z i isétale and surjective over Z i , and hence admits a section. ThusZ → Z also admits a section.
For the general case, let A be a ring endowed with a map Spec A → X, and let F (A) denote the set of sections ofZ → Z over Z × X Spec A. SinceZ → X is of finite presentation, the functor F commutes with direct limits. (We may assume that X is affine, say Spec R. Then Z is also affine, say Spec B, and Z × R A = Spec(B ⊗ R A), and the functor A → B ⊗ R A commutes with direct limits.) We have seen that F (A) is nonempty if A is the strict henselization of the local ring of X at any point x. But this A is a direct limit of the rings corresponding toétale neighborhoods of x. Now to prove (ii), let Z ⊆ T X ′ /S be the support of E ′ , which is finite over X ′ since E ′ is finitely generated (as B X/S is finitely generated over A gp X ′ ). Locally, we may choose a splitting ζ of C X/S . Then α ζ : T X ′ /S → T X ′ /S is surjectiveétale, soétale locally on X there exists a lifting g : Z → T X ′ /S such that α ζ • g : Z → T X ′ /S is the closed immersion. Let (E, ∇) := Ψ −1 ζ (ι * g * E ′ ). Then (E, ∇) has p-curvature F * X/S (α ζ * g * E ′ ) = F * X/S E ′ . Similarly, for (i), let Z ⊆ T X ′ /S be the support of the p-curvature of ∇, which is again finite over X ′ . Then as before, we mayétale locally choose a splitting ζ such that α ζ : T X ′ /S → T X ′ /S has a section g over Z. Then g * (E, ψ) is a B-Higgs field compatible with (E, ψ) via α ζ . Thus, since α ζ splits the Azumaya algebraD X/S , (E, ψ) ≃ Ψ −1 ζ (E ′ , θ ′ ) for some B-Higgs field (E ′ , θ ′ ). Therefore, (E, ψ) ≃ (α ζ * ι * E ′ ) ⊗ B X/S A gp X . Example 4.20. For the case of E = O X , we can in fact say more:étale locally, (O X , ω) is the pcurvature of some integrable connection on O X if and only if ω = F * X/S ω ′ for some ω ′ ∈ Ω 1 X ′ /S . Indeed, for any closed 1-form ω on X, let ∇ ω be the connection on O X such that ∇ ω (1) = ω. Then the p-curvature of ∇ ω is multiplication by F * X/S (π * − C X/S )(ω), where C X/S : Z 1 X/S → Ω 1 X ′ /S is the map induced by the Cartier isomorphism.
Conversely, for any f ∈ O X ′ , m ∈ M gp X , let ω ′ = f d log(π * m), and let θ ′ = ·ω ′ be the Higgs field on O X ′ induced by ω ′ . Now let g ∈ O X be a root of g p − g − F * X/S f = 0, which clearly existsétale locally on X. Then since g = F * X/S (π * g − f ),
Therefore, letting ω = g d log m, ∇ ω has p-curvature F * X/S ω ′ . Since π * − C X/S is additive, this shows that π * − C X/S : Z 1 X/S → Ω 1 X ′ /S is surjective with respect to theétale topology on the underlying scheme of X. Proof. The forward implication is trivial. For the reverse implication, since the statement is local, we may choose a logarithmic system of coordinates m 1 , . . . , m r ∈ M X , and let ζ [k] (k ∈ N r ) be the corresponding basis for D(1). Let ǫ 1 , . . . , ǫ r denote the canonical basis of N r . Since φ is of order p, φ(ζ [k] ) = 0 for |k| > p. If 2 |k| p but k = pǫ i for any i, then in fact ζ [k] is in the image of the natural map J 2 ⊆ P → D(1). Since φ ♭ is of order 1, this implies φ(ζ 
